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Abstract 

Let m2 < mi be two given nonnegative integers with n — mi +m2 + 1. 
For suitably diflerentiable /, we let P,Q € TTn be the Hermite polyno- 
mial interpolants to / which satisfy P'-''(a) = f^''\a),j = 0,1,..., mi 
and P^^\h) = f^^\h),j = 0,1,..., ma, Q^'\a) = f^^\a),j = 0,1,..., ma 
and Q(^'(6) = = 0,1,..., mi. Suppose that / e C"+^(/) with 

/'"^^'(a;) 7^ for x G (a, b). If mi — ma is even, then there is a unique 
xo,a < xo < b, such that P(xo) = Q(xo). If mi — ma is odd, then 
there is a unique xo,a < xo < b, such that /(lo) = | (Pi^o) + Q{xo))- 
Xo defines a strict, symmetric mean, which we denote by Mf^rni.m^io-jb). 
We prove various properties of these means. In particular, we show that 
f{x) — 3;™'i+™2+2 yjgifjg ^jig arithmetic mean, f{x) — x^^ yields the 
harmonic mean, and f{x) — yields the geometric mean. 

1 Introduction 

Definition 1 A mean m{a, b) in two variables is a continuous Junction on 
= {{a,b) : a,b > 0} with min(a, b) < m{a, b) < max(a, b). m is called 

(1) Strict if m{a, b) = min(a, b) or m(a, b) = max(a, b) if and only if a = b 
for all {a,b) e 3?^. 

(2) Symmetric ifm{b,a) = m{a,b) for all (a, 5) G 3?J. 

(3) Homogeneous ifm{ka,kb) — km(a,b) for any k > and for all {a,b) G 

Of course, in some cases a mean can be extended to all real numbers, such 
as with the arithmetic mean m{a,b) — ^y^. In this paper we define means in 
two variables using intersections of Hermite polynomial interpolants to a given 
function, /. Throughout we assume, unless stated otherwise, that m2 < mi are 
two given nonnegative integers with n = mi + m2 -I- 1. If /'■'^-'(a) and f^''\b) 
each exist for k — 0, 1, rrii, we let P,Q ^ Tin be the Hermite polynomial 
interpolants to / which satisfy 

pO)(a) = =0,l,...,mi and = j = 0, 1, ...,m2 

(1) 

QO)(a) = /W(a),j = 0,l,...,m2 and gW(6) = /(^^C^), j = 0, 1, mi 
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Of course P and Q depend on mi,TO2, and /, but we supress that in our 
notation. Under suitable conditions on /(see Theorem [2] below) , if mi — m2 is 
even, then there is a unique xq, a < xq < b, such that P{xo) — Q{xq). If mi~m2 
is odd (see Theorem 2] below) , then there is a unique xq, a < < fe, such that 
/{xq) = ^ {P{xq) + Q{xq)). In either case, Xq defines a strict, symmetric mean, 
which we denote by Mf^rni,m2i0'^ 

The means defined in this paper are similar to a class of means defined 
in [2] and [3], which were based on intersections of Taylor polynomials, each of 
order r. More precisely, for / e C""+^(/),/ ~ (a, 6), let Pc denote the Taylor 
polynomial to / of order r at x ^ c, where r is odd. In [2| it was proved 
that if /^'"^^H^) 7^ on [a,b], then there is a unique u,a < u < b, such that 
Pa{u) ~ Pb{u). This defines a mean m(a, b) = u. These means were extended to 
the case when r is even in [3] by defining m(a,b) to be the unique solution in (a, b) 

of the equation f{x) = - {P{x) + Q{x)). However, many of the proofs in this 

paper are more complex than those in [2] and [3] because the means Mf^rni,m2 
depend on two nonnegative integers, mi and m2, rather than just on the one 
nonnegative integer, r. In [2] the author also proved some minimal results for 
means involving intersections of Hermite interpolants to a given function, /. In 
particular we proved a version of Theorems [H and [7] below for the special 
case when mi — m2 = 2. In this paper we prove much more along these lines. 



Our first result allows us to define a mean using intersections of Hermite inter- 
polants when mi — m2 is even. 

Theorem 2 Suppose that m2 < mi are two given nonnegative integers with 
mi — m2 even. Let n = mi + m2 + 1 and let I = {a,b),0 < a < b be a given 
open interval. Suppose that f £ C^^^^{I) with /("+^)(a;) ^ for x G /, and let 
P and Q satisfy the Hermite interpolation conditions given by {Ip. Then there 
is a unique xo, a < xq < b, such that P{xo) — Q{xo). 

Proof. We may assume, without loss of generality, that /^"^^•'(x) > on /. Let 
Ep{x) = f{x) — P{x) and Eq{x) = f{x) — Q{x) denote the respective error func- 
tions for P and Q, and let /[xo, xi, Xn] denote the nth order divided difi'erence 
of / for distinct nodes xq, xi, a;„. In general, divided differences at distinct 
points are defined inductively by /[xq, xi, Xj] = /[^0'^1'---^^3^--i|^'~/[^1'---''^j1 -^ith 
/[xq] = /(xo). For sufficiently differentiable /, one can extend the definition of 
divided difference in a continuous fashion when the nodes are not all distinct 
(see, for example, H]). We let /[x™'',x™\ ...,x™"] denote the divided difference 
where x^ appears m^ times. Using one well-known form of the error in Hermite 
interpolation, one has 



2 Main Results 



Ep{x) 
Eq{x) 



(x - a) 
(x — a) 



mi + l 



(x - 6) 
(x-6) 



7712+1 



/[x,a' 
f[x,a 




] and 



(2) 



1112 + 1 



mi+1 
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Let 

h^ix) = f[x, a"^+\ /i2(:r) = f[x, a"=+\ 5"^+!]. 

NowP{x)=Q{x) Ep{x)^Eq{x) 

(a; - a)"i-"^;ii(2;) ^ {x - br'-"''h2{x). (3) 

By the Mean Value Theorem for divided differences (see 0]), f[x, a"^'^'^^, ^'n2+ij _ 
^'l^+^y^^ and /[x,a"^+\6"i+i] = ^^jr^jp^r^ '^here Ci,C2 e / if a; G /. Thus 
/[a;,a"i+\6™2+i] > and /[x, a^^+i, fe^^+i] > 0. Now h[{x) = £f[x,a"'^+\b"^^+^] = 
/[a;,x,a'"i+\6'"2+i] (see which impHes that £ [{x - a)"''-"'^hi{x)] = 
(x - a)'"i-™2/i'i(a;) + (mi - ma) (a; - a)"'~^hi{x) = 

(x-a)™i-™^-i [(.T - a)/[x, X, a™i+\ 5™^+^] + (mi - m2)/[cc, a"i+\ 6"^+^]] . 
Now {x — a)'"!^'"^^^ > for x G I. Simphfying the term in brackets us- 
ing properties of divided differences yields {x — a)f[x, x, 6™^+^, a™i+^] + (mi — 
m2)/[a;, fe^^+i, a'"i+i] = f[x, x, fo^^+i, a^i] - f[x, a"i+i] + 

(mi-m2)/[a;,6™2+\a™i+i] = /[x, 6™^+!, a™i] + (mi-m2-l)/[x, 6™^+!, a™i+i] > 
again by the Mean Value Theorem for divided differences. Thus 

4- [{x - a)™i-™2ft,i(a;)] > ^ (x - a)™i"™^/ii(x) is increasing on /. Simi- 
dx 

larly, ^ [{x - 6)"i-™2/i2(x)] = (a;-6)"i-™2/i!,(a;)+(mi-m2)(a;-6)"i"™="i/i2(a;) = 

(a;-6)™i-™2-i [{x - b)f[x, x, a"^+\ + (toi - m2)/[a;, a™2+\ = 

(a;-6)™i-™2-i (/[x,x,a"'2+i,6™i] + (toi - TO2 - l)/[a;, a™2+\ . Since 

mi — m2 — 1 is odd, — [(x — 6)™^^'"^/i2(x)] < on /, which implies that 
ax 

{x — 6)™i^™2/i2(a;) is decreasing on /. Thus {x — a)™i^™^/ii(a;) is positive and 
increasing on / and vanishes at a, while {x — b)"^'^^™'^h2{x) is positive and de- 
creasing on / and vanishes at b. Hence the equation in ([3]) has a unique solution 
xo S /. Since Ep{xo) — Eq{xo), P{xo) = Q{xq), which finishes the proof of 
Theorem [2 ■ 

Remark 3 (1) Theorem 1 was proven in '21 using a different approach and 
only for the case when mi — m2 — 2. 

(2) Heuristically speaking, we may consider the means defined in as a 
special case of the means above, where mi = r and m2 = — 1. The latter value 
means that no values of f or any of its derivatives are matched. However, the 
formulas we use do not actually work if m2 = — 1. 

The proof of the following theorem is almost identical to the proof of Theo- 
rem [2] and we omit it. 

Theorem 4 Suppose that m2 < mi are two given nonnegative integers with 
mi — m2 odd. Let n — mi + m2 + 1 and let I = {a,b),0 < a < b be a given 
open interval. Suppose that f S C""'"^(/) with /("■+-'^)(x) ^ for x £ I, and let 
P and Q satisfy the Hermite interpolation conditions given by fip. Then there 
is a unique Xq, a < Xq < b, such that /(xo) = | {P{xq) + Q{xo)). 
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The unique xq from Theorems [3] and |3] defines a strict, symmetric mean, 
which we denote by xq = Mf^rni,m2 («> b). It is easy to unify the cases of mi — TO2 
even or odd as follows: Mf^rni,m-2{0'^b) is the unique solution, in (a, 6), of the 
equation (a;) = (— l)'"i~'"^i?Q(a;). Equivalently, Af/^mj^m^ (a, 6) is the unique 
solution, in (a, 6), of the equation 

(a;-a)™i-'"V[2;,fl"'+\6"'+^] = {h - x)""^-""^ f[x,a"'^+^ ,b"'^+\ (4) 

As in [5] and [3], we shall see that some of the familiar means, such as the 
arithmetic, geometric, and harmonic means arise in certain special cases. For 
f{x) ~ xP, wc denote M/.m^ m^ (a, 5) by Mp^mj^m^ (a, 6) for any real number 
p with p ^ {0,1,. If p — k,k ^ {0,1,. one can define Mp^mi,m2 
using a limiting argument, or by defining Mp^rai,m2 to be Mj_mi,m2: where 
f{x) — a;''"log2;. This gives a continuous extension of Mp^rni,m2 to all real 
numbers p. 

Remark 5 For any polynomial R G 7r„, Mf^ii^rni,m2io-ib) = Mf^rni,m2{o-ib)- 

The following three theorems are the analogs of (_3j, Theorems 1.3 and 
1.4) and ( 2 , Theorem 1.8) for Hermite interpolation. 

Theorem 6 If p = mi + m2 + 2, then ^/^^^^^^^(a, b) = A{a, b) = ^i^. 

Proof. If f{x) = a;™i+™2+2^ then by the Mean Value Theorem for divided 
differences, /[x, a™i+i, = /[x, a"^+\ 5™i+i] = (mi+m2 + 2)!. Thus the 

unique solution, xq, in / = (a, 6) of the equation Ep{x) — (—1)"^'^^"^'^ Eq{x) is 
the unique solution of {x - a)'"!"'"^ = (-l)'"!-™^ (x - 6)'"l"'"^ which implies 
that xo = -4^. ■ 

Theorem 7 If p = —I, then Mp_mi,m2 (O; ^) — II{a,b) — |^ for any mi 
and m2. 

Proof. If f{x) = i, then f[xo,xi,...,Xn] = xoxi-^--x^ (^^^ E' P^S^ 
mula (4)]. It then follows easily that f[x,a"^^+\b"^^+^] = ^L';+\7"^2+L 
/[x, a™2+i,6™i+i] = ^L~2+ "fal^i+i^ ; Thus the imique solution, xq, in I = (a, 6), 
of the equation Ep{x) = Eq{x) is the unique solution of (a; — 

^)m,-nx2 ^IrAy^+L = (-l)'"i-"^(x - 6)"'i-'"2 ^L",Vwi^ , which is equiv- 
alent to (a; - a)™i-"26™i-"'2 = {x - 6)"'i-m2arni-m2 ^ = g 
(— 1)™i^™2£'q(x) is the unique solution of 

Theorems IH] and [7] show that the arithmetic and harmonic means arise 
as the X coordinates of the intersection point of Hermite intcrpolants. Our next 
result shows that the geometric mean arises as well, but the proof is considerably 
more difficult. 

Theorem 8 If p = where mi + m2 is even, then Mp^mj^„i2 (a, fe) = 

G{a,b) = ^/ab. 
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Remark 9 Theorem\^ does not hold ifmi+m2 is odd. In that case, p is a posi- 
tive integer strictly less than mi+TO2 + 1, which implies that f'^"'^+'^^+'^^x) = 0. 

Before proving Theorem [51 we need three lemmas. 

Lemma 10 Let mi > be any integer. Then 

mi mi 
fe=0 k=0 

Proof. We use induction in mi. First, it is trivial that ^ holds when 

mi 

mi = or mi = 1. Now let Gmi(6) = E {-'^f r'J^)^^ " and = 

fc=0 

mi 

6™i J2 ik^) il~b)''b-'' denote the left and right hand sides of ©, respectively. 

fc=0 

nil+2 

ThenG,ni+2(fo) = E (-l)'=C"^/'+^)(l-fe)'= - (-1)"^+^ (7/+^') (1 -^)'""+' + 

fc=0 



(_l)mi+2(mi/2+l)(^ _ 5)mi+2 + ^ (_ ^ ^/c (mi /2) _ 

mi — 1 



(_l)mi+2(mi/2+l^(^ _ ^)mi+2 ^ (6) - (1 - 6)G„, (6)- 

(_l)mi+2(m^/2)(^ _ ^)mi + l ^ ^^^^^ + (_^)mi + l („n/2^+l) _ + 
(_l)mi+2(mi/^+l)(l _ ^)mi+2 _ ^)mi + 1 (mi /2) _ ^)mi + l 

It is easy to show that b'"'-^Gmi (i) = Hmi{b). Thus Hrni+2{b) — 

6™^+2Gmi+2 (i) = + - + ' + 

^mi+2(_i)mi+2(mi/2+l)(^ _ l/6)™i+2 + 6'"i + lG„, (i) - 
^mi+2(_i)mi + l(m^/2)(^ _ l/6)'"i + l = bH„,,{b) + 
^(_l)mi + l(r,W2+l)(^_l)mi + l + 

(_;Ly„i + 2(r,u/2+l^(^_-^^mi+2_5(_;Ly«i + l(mi/^^ AsSUmiug that 

Gmi(6) =ffmi(6),wehavethatGmi+2(6) = Hmi+2(fe) ^ (-ir^+'C"^(+t')(l- 
(_2.)'"i+^(™i/^+^)(l — — (_i)™i+i (™i/2^ — = 

(_2)mi+2(m^/2+l^(^_-^y„i+2_^(_-^y„i + l(mi/2^(^_-^^mi + l^ jf iS even, 

then the equality holds trivially since all terms involved are 0. So assume now 
that mi is odd. Then 

G™,+2(6) = ffmi+2(fo) ^ r^(lt')(l-&r + '-rm(+V)(l-^n+'- 

Cm(+t')(i - ^)"^+' - 2r^(+t')(i - ^)'"^+' - ("f )(i - &)"^+' = 

/mi/2+n _ r,^mi/2+l\ _ (mi/2\ _ r, ^ ^ (mi/2\ _ r,(mi/2+l\ _ n. , , 

V mi + 1 / mi+2 / V mi / ~ " Vmi+1/ mi+2 I ~ ^ 
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/miwmi \ /mi \ /mi ,,\fmi \ r mi \ 

(mi + 1)! ^ (mi+2)! ~ " 

mi (mi — 2) ■ ■ -(mi — 2mi) (mi+2) (mi — 2) ■■ ■ (mi — 27ni ) pi 

2'"l + i(mi + l)! 2™i + i(mi+2)! ~ ^ "^^^ 

(mi + 2)TOi(mi — 2) • • • (—mi) — (mi + 2)mi(mi — 2) • • • (—mi) = 0. That 
completes the proof of Lemma [TOl ■ 

Lemma 11 Let mi and m2 be any integers. Then ify>0, 



I'll I'll 

E (™^+;"^-^-)(("^+™^)/2)(-i)fc(i-y)'= = 2;™^ r^+;;r')(^"'T^^')(i-y)V 



I ' m; )v ' k 

fe=0 fc=0 



Proof. It is not hard to show, using, for example, the methods in 8], that 

mi 

1 /'m2+mi— fcW(m2+mi)/2\ fc _ rj f 1™ 1™ . ™ ™ . „\ 

/-mi+m2\ 2^ (. m2 A fc F " 2-^ 1 5 "^1 " 2 "^2 , -"^i , - mi - ma , - X j , 

I m2 / 

where 2-^1 ([a, [c], z) is the hypergeometric function ^ -^^t^y^P"- Thus it 

k>o 

suffices to prove that 2-^1 (^j^^i ^ ^'m2, ^"^i! ~ 'tii — ma;! ~ — 

y"^i ^p^ _ ifria, —mi; — mi — ma; ■ The latter equality follows 

from the identity (1 — x)^ 2F1 (a, b; c; x) — 2F1 — a, h; c; j^x^ : 2; ^ (1, 00) 

with a = — ^mi — ^m2, b = —mi, c = —mi — m2, and x = 1 — y. That proves 
Lemma [TTJ ■ 

We now use Lemmas [10] and [11] to prove the following identity. 

Lemma 12 If mi > anc? ma are any integers, if p — Ilii+^ia+i ^ ^jj^^j if b ^ —1 
and b ^ 0, then 

mi mi— /e mi mi— 

E E E E r„tOa)(i-^)'(i+^)"'^'"'- 

fe=0 i=0 /c=0 /=0 

Remark 13 The lemma actually holds if mi is a negative integer if one inter- 
prets both sides of the equality to be in that case. 

Proof. We denote the left and right hand sides in Lemma [T^j by 

m 1 mi— k 

Lmi,mAb) = E E rf')(D(-l)'(l-^)'(l+&)-', 
k^Q 1^0 

m 1 m 1 — A; 

i?mi,m2(6) = E E r]-^'){l){l-bf{l+br'b'-'^, 

k=Q 1=0 

respectively. Here we used the identity (™^^') = C"^;^') • Thus, to prove Lemma 
[T^ it suffices to prove 

(b). (6) 

We shall first prove the recursion 

imi+l,m2-l(^) = (7) 

mi + 1 
fe=0 
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Throughout we use the identities ("^"^) = (") + (^,"1), which, in particular, im- 
phesthat (""'V"^) = C"1'^')-(™1^'r^)- In addition we use the fact that (:\) = 

mi + 1 mi+1 — 

Oforanywholcnumber,7i. NowL„,+i,™,_i(6) = ^ J2 {"^-+/^^){p){-1)'^{1- 

k=o 1=0 

b)''il + b)-^ = 

mi rni + 1 — /c 
7711 Til +1 — /e 

mi mi + 1 — 

E E {"Y_[-')il){~ini-b)Hi + b)-' = 

nil 

'rni 7ni —k mi 

E E CTO(D(-i)'(i-&)'(i+fc)-'-E 

fc=o ;=o fc=o 

^■j-mi-l+A:_ 

rn 1 mi— /e m i + 1 

E E r+'r^)a)(-i)'(i-^)'(i+fe)"'= E r™r-r')(D(-i)'(i- 

fc=o ;=o fc=o 

77ii 77ii —k mi mi — 

E E CT')(D(-i)'(i-^)'(i+^)"-E E rf')(D(-i)'(i-&)'(i+ 

fc=0 ;=0 k=Q /=-l 

mi + 1 mimi — 

E r;tr-r')(D(-i)'(i-^^)'(i+6)-"-^+'=+E E rf')(D(-i)'(i- 

fc=0 fc=0 i=0 

6)'=(l + 6)-'- 

mi mi —k mi + 1 

(i+&)-'E^ E rfO(fc)(-i)'(i-^)'(i+^)"'= E^ r™r-r')(D(-i)'(i- 

mi + 1 

5A^i„i,„,(6) + E + That 

proves ([7]). It is easy to show that 

b"^^ Lmi,iyi2 (i) ~ Rmi,m2{b)- (8) 

Thus by (El) and ©, i?™i+i,™,-i(6) = fe™i+iL™i+i,™,-i (i) = 

/ mi + l \ 

\ fe=o / 

/ mi + l \ 

' 5TTi"u,m. (i) + E r+™f - + 6)— i+fc5m.+i-2. ^ 

I 1 m 1 + 1 \ 

fe=0 / 



/ 5^1 + 1 
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mi + 1 

f;^Rm,,mAb)+ E {"^-+";^+'->^){l){l-b)Hl+b)-"'^-'+''b^"'^+'-"'. That 

fc=0 

yields the recursion 



Rmi + l,m2-lib) = (9) 



mi + 1 



/c— 



In a similar fashion, one can also prove the recursions 

rni — 1 
fc=0 

and 

mi — 1 



fe=0 



We now use induction to prove We start the induction with m2 = — 1 
and nil any fixed non-negative integer. In that case the only nonzero term 



mi 

\k(mi/2\,. _ ,^k 



on both sides of © occurs when / ~ 0, which yields E (~l)'^('"fc )(1 

k=Q 
mi 

^mi which is precisely LemnialTOl Proceeding with the in- 

fc=0 

duction, we assume now that imi,m2 (b) = Rmi.m2 (b)- Then, using ([7]) and ([5]), it 

mi + l 

follows that ^ E r^+mf '"')®(-l)'(l- 

A:=0 

6)'''(1 +^)"™'"^+'' = 
mi+1 

mi + 1 

E r+mf '"')®(-l)'(l - b')" = (12) 
fc=0 

fe=0 

(jl2p now follows from Lemma [TTl by replacing toi + 1 by mi and letting y — b^. 
That proves, with the assumption Lrai,m2{b) — Rrni,m2{b), that 

imi + l,m2-l(&) = ^mi + l,m2-l(^)- (13) 

Also, using (Uni) and (HH), it follows that L„ij_i^„i2+i(6) = i?mi-i,m2+i(^) 

mi — 1 

(-i)"^ej(i-fe)'"^+ E (-i)'=rt„7+?+')®(i-&)'(i+&)^("'^-'=^ = 
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mi — 1 
fc=0 

To prove this equality we consider two cases. 
Case 1: mi is even 

mi — 1 

We must show that J2 - b^)^ = 

k=0 ^ 
mi— 1 / 9 \ 

^2mi j2 , which is equivalent to 

mi — 1 mi —1 



fil — ± ttLl — ± / \ ^ 

fc=0 fc=0 \ " / 

upon replacing m2 by m2 — 1 and letting y — b^. Hence we must prove that 

mi 

E (-1)' r'\nr') (("^+r^)/') (i - y)" - (-i)'"^ (^^^ mT^^^') (i ~ vr^ = 

fc=0 



^mi+m2-*;W(m2+mi)/2\ / l-t/ \*^ ^mi |'(m2+mi)/2\ l-j, -^ ™^ 
m2 /V k J \ y J ^ \ mi ' \ y 



k=Q 



^(„l)fc(mi+m2-fe)((m2+mi)/2)(i_^);..^ymi ^ (".l+^.-Zc) ((™.+mi)/2) ^ l_y A ^ 
fc=0 " fc=0 \ f / 

which follows from Lemma [TTl 
Case 2: mi is odd 

mi —1 

Wemust show that -(,^ )(l-6)'"i + (l+6)-'"i E (-1)'' ("'tTVi''^^) (D (1- 

mi m2 
mi —1 / , \ fe 

mi — 1 

+ E (-i)n'"nr2Vi'^')(D(i-^T = 

fe=0 



mi— 1 / 9 \ fc 

^)(l„52)mi+^2mi ^ ("u+m2^-.+i) (p) / . Replace m^ by m^ - 

fc— 



and let y = 6^ ^ get (("^+T'^^') (1-2^)"^+"E Vl)' ('"^trr") ((™^+r^^/') (1- 

yf = 

^(m2+mi)/2-j j-j^ _ y-jmi ^ j^mi ™^ ^mi +m2 -fc j ^(m2+mi )/2-j 1-jf ^ 



fe=0 

mi 



-C"'t?^^')(i-2^r^+E(-i)'("'^mr')(*'"'T'^^')(i-y)'+(*"'™?^^')(i- 

^(m2+mi)/2-j|^-|^_y>jmi_j_ymi ^ ^mi+m2-fc~J ^(m2+mi)/2-j / 1-y A ^m, ^(m2+mi )/2-j ^ 1-y -jmi 
mi ^^^^ m2 k \ y J mi y 

g(_l)fc(mi+m2-fe)((m2+mi)/2)(^_y)fe^^mi g (mi+m2 -fe) ((m2+mi )/2) /l_y\'=^ 
k=0 k=0 ' \ » / 

which is again Lemma 1111 That proves, with the assumption imi.m2(^) = 
Rmum^ib), that 

^nii — l,m2 

+ l{b) — i?mi-l,m2 + l 

(6). (14) 
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The case m2 = — 1 and shows that © holds when rrii — m2 and mi is 
any non-negative integer, or when mi — 7712 + 1 and mi is any non-negative 
integer. (|13p now shows that ([S]) holds when mi > and m2 are any integers. 
That finishes the proof of Lemma [T^l ■ 

We are now ready to prove Theorem [H 
Proof. We now use a formula due to Spitzbart (see [Sj, Theorem 2), which 
expresses divided differences of the form f[x^°^^,x['^^^, xj^""*"^] with confluent 
arguments as a linear combination of the values of / and its derivatives at 
Xq, xi, Xn. Using f{x) = xP,xo = x,xi — a,X2 — b,rQ — 0,ri = mi, and 
r2 = 7712, one can write 

f[x,a"''+\b"'^+^]=Ai+Bi + Ci, (15) 

7111 m 1 — 

where^i= ^ E (^"T') L^ll-/) (fe) («-^)""'"'"'(«-^)""^"'+'+'«'"'. 

Bi=E E r"Y-^)UlUa)(&-«)""^"'"'(^-^)"'"^"'+'+'fe^"'.and 

k=o 1=0 

Ci^{x- ay^'-^x - (16) 

Using the identities L^'L,) = (-1)"^ (-1)'=+' and (~"/-i) = (-1)' ('";+'), j = 
1, 2 to simplify the expressions for Ai and yields 



mi mi— 

Ai=aPJ2 E ('"^+')(fc)(-l)'"''^^«-^)"™'"^"'(«-^)"''"'~^^''^'«"^ 

A:=0 (=0 ^ 

(17) 

m2 7712— k 

Bi=bPJ2 E (";+') (fc)(-l)'"'"^''(^-«)"'"'"^"'(^-2;)-'"^-^+'=+'6-'= 

fc=0 (=0 ^ 

By switching mi and m2 we obtain 

/[x,a'"^+\6"^+i] = A2 + S2 + C2, (18) 

where 

7712 7712— k 

fc=0 1=0 



(19) 



mi mi— A; 

^2 = fe^" E E c";+')(fe)(-l)™'^'''(fe-a)""""^"'(^-2;)""'"^^''^'^"^ 



ni2 



C2 = {x-a)-"'^~\x~b)-'^'-^xP. 
Now letting a; = 1 and a = i in and yields 

6™= (Ai +Bi +Ci) = fe"V[l,(l/6)'"'+\fe"'+^] (20) 
6"M^2 + S2 + C2) = 5"V[l,(l/6)"'+\^'"^+'], 
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After some simplification, we have 5™^ = (_i)™i&'"i+2m2+2-p(;L_^)-mi-m2-2(-;^^ 

mi rrii—k 

mo rrio — k 

k=0 1=0 ™^ 

m2 m2—k 

mi rni — k 

(_l)™25mi+m2+p+l(i_^)-mi-m2-2(i^5)-m2-l ^ (fe) " + 

fe=0 i=0 ^ 

h)-^U~^, and fe™iC2 = (-l)™2+i(l - 5)-™i-m2-2^mi+™2+i, claim: 

= 6'"iB2, 6'"M2 = 6'"2Ci = b"''C2,b ^ ±1. (21) 

It is trivial that ^'"^Ci = fo^^Ca. Now = 6™iB2 

m 1 m 1 — 



1112 

k=0 1=0 



■mi mi—k 

(„l)™2;,mi+™2+P+l(l_5)-mi-m2-2(^_^^)-m2-l ^ |- (™^+') (P) ( 1 + 



mo 

A:=0 (=0 



mi mi —A; mi mi —A; 

/c=o (=0 fc=o ;=o 

(22) 

and fe^Ma = 4=> 

m2 m2— 

(■_l)m2^m2+2mi+2-p^-[^_^^-mi-m2-2^-[^_|_^^-mi-l ^ ^ (^'"i +') 1) fe (^P^ (1_ 

6)'=(l + 6)-' = 

m2 7712 — k 

(_l)™i;,mi+m2+p+l(i^_5)-mi-m2-2(^_^^)-mi-l ^ |- (™^+i-) (-p^ (^^^^^fc ( 

m2 7712— k in2 rn2 — k 

fe=0 i=0 fc=0 i=0 

(23) 

is precisely Lemma [T^l and the proof of ([221) is very similar to the proof 
of Lemma 1121 More simply, one can just interchange mi and m2 in Lemma 
\TI[ since Lemma [1^ actually holds for all integers mi and m2(see the remark 
following Lemma [T^ . That proves (|2ip . which immediately gives 

(Ai + Bi + Ci) = 6"^ (^2 + ^2 + C2) . (24) 

Now, if f{x) — 2;(™i+™2+i)/2^ then Mp^„ii,m2 is a homogeneous mean. Thus it 
suffices to prove that Mp,mi,m2 (i'^) = 7^ ^ which is equivalent to 
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(1- = (1 by © with 
a = i and X = 1. A little simplification yields b^Vil, &™'+^] = 

which follows directly from ^ using ■ 

Remark 14 There are various well known integral representations for divided- 
differences which might be used to give a shorter proof of Theorem O This 
author, however, was not able to make such a proof work. 

Before proving our next result, we need a theorem about Cauchy Mean 
Values, which have been discussed by many authors. In particular, we use re- 
sults from the paper by Leach and Sholander [Hj. Let / be an open interval 
of real numbers and consider two given functions f,g € C" (J). Suppose that 

g^"'\x) 7^ for a; G / and that (f> is monotone on /, where (t>{x) — jj-nylfj- Given 
n + 1 numbers {xq, xi, a;„} C /, there is a unique c, min {xq, a;i, x„} < 
c < max jxn, xi, ...,a;„}, such that = ^T~rr\. Of course, if the 

Xq,Xi, a;„ are not distinct, we use the extended definition of the divided differ- 
ence f[xQ,xi,..., Xn] for confluent nodes. This defines a mean c = Mf^g(xo,xi, 
We state the following result of Leach and Sholander from ( 5 , Theorem 3) with 
the notation altered slightly for our purposes. 

Theorem 15 // (j) {x) is never on I, then ■^r^M-f^g{xo, Xi, Xn) > for 
k — 0,1, ...,n. 

Now we prove the following lemma. 

Lemma 16 Let I — {a,b),0 < a < b be a given open interval, let m2 < rni 
be two given nonnegative integers, with n — mi -|- m2 -|- 1, and suppose that 
f,g & C"^^{I) with f^"^^^") and g'^"'^^'' nonzero on I . Assume also that g'^"'^^^ (x) 

and ((>' {x) are never on I, where 4){x) = g(„+i)||^j . Let C,p,C,Q I be the unique 

values satisfying g[^^„,r.i+i b^^+ij - ju^tttj;^ and gf^^^^^+i^b^i+i] - g("+i)(CQ)- 
Then (p < Cq- 

Proof /[^■""'^'■'''"^^'l _ Up „ Tn-TTi-----r 

J u-i /[a:,a'"2 + i f,™i+i] f\xo,xi,...,x„^] , 

and x^,+2 = ■■■ = x„,,+„,,+2 = b, while = g[,,,,,,...,,„] where 

xo = x,xi = ■ ■ ■ = Xm2+i = a, and Xm2+2 = ••• = Xrm+rno+2 = b. Then 
(p = M/,g (a;,a™i+\6'"2+i) and Cq = M/,g (x, a'"2+i^ ^mi+i^^ ^^leve Mj^g 
denotes the mean defined above. Since m2 < mi and a < fe, by Theorem I15[ 
Cp < Cq- ■ 

Recall that the means discussed in this paper are denoted by Af/^mi,m2(oj 
where M^ ,„j ^^(a,^) is the unique solution, in (a, 6), of the equation Ep{x) = 
(— l)™i~™2^Q(a;), Ep{x) and Eq{x) given by 0. We now prove a result about 
when Mf^rni,m2 and Mg^mi,m2 are comparable. For any sufficiently smooth /, 
we let Pf and Qj denote the Hermite interpolants satisfying ([1]). We also let 
Epj = f — Pf and so on. 
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Theorem 17 Suppose that (f) = is strictly monotonic on (0,oo), where 

f,g G C"'"'"^(0, 00). Then the means Mf mi,m2 o.'^d Mg ,ni,m2 are strictly com- 
parable. That is, either Mf jn-^ {a, b) < Mg ,„j TO2(a,6) or Mf „i^ m2{'^i^) > 
Mg^rni.,7n2{a,b) for all {a,b) E 5Rj. 

Proof. Suppose that AIf,mi.m2io-jb) — Afg^mj,™^ (a, 6) — xq for some (a, 6) G 

O = {{x,y) : < x < y}. Note that 5(2:0) - Pg{xQ) ^ and g{xa) - Qg{xo) ^ 

since g'^"+^'> is nonzero on /. Then Epj{xo) = {-l)"^^-"^'' Eqj{xo) and 

= (-l)"-'"^i?Q,,(xo), which implies that |^ = By @, 

v.-r then hnvr /f^o.°"'^+'.fc"'^ + 'l /fa^o,a"^+\b'"^+^] t ^ . ,-l ( ' f\xa,a"^^ + \b"^^ + '] 
wetnennave g[3.„,a"i+i,b™2+i] - g[a;o,a"2+i,b™i+i] • -i^et(,p - </> \^g[3;^_o'"i+i,6'"2+i] 

and Cq = ( g[|^°,'a"'2+i,'6"'i+i] )- By Lemma [HI Cp < Cq, which contradicts 

the fact that gl^pl^Ii+i^'b^^+i] = gll^o.'a-'+i.'b^i + 'j ■ Thus M/,„,,™, (a, 6) and 
Afg^mj^mj (a, 6) are never equal on O. Since Mf^mi,m2 and Mg^rni,m2 ai'e each 
continuous on O and O is connected, that proves that either M/_mi,m2 (a, < 
Mg^rni,Tn2ia,b) 01 M/^mj (a, 6) > Mg,mi,m2 (a, 5) for all (a, &) € O by the inter- 
mediate value theorem. Since the means M/_mi,m2 are symmetric, that proves 
Theorem HZl ■ 

Theorem 18 Let TO2 < "tii be two given nonnegative integers, with n — mi + 
777.2+1, and suppose that f, g G C""'"^(0, oo). T/7e77 M/_mi,m2 (o, ^) = Afg^mj^m^ (a, 6) 
/or all (a, 6) G if and only if g{x) = cf{x) + p{x) for some constant c and 
some polynomial p G iTn- 

Proof. (<;= Suppose that g{x) — cf{x) + p{x) for some constant c and some 
polynomial p G Hn- Then it is trivial that Pf = Pg and Qf = Qg, which implies 
that Mf^rai,m.2{a,b) = Mg^rni,m2ia,b) for all (a, 6) € 3?J. 

(=> Suppose that Mf^mi,m2{0'jb) = -^g,mi,m2(ai ^) for all (a, 6) G SR^, and 
assume that 4>{x) — is not a constant function on (0,oo). Then (f) is 

strictly monotone on some open interval / since (j>' is continuous. Arguing ex- 
actly as in the proof of Theorem [T71 with / replacing (0, oo), we conclude that 
either M/^mj,™^ (a, 6) < Mg^^^^^^ (a, 6) or M/,™^,„2(a, 6) > Mg_m^,„2(a, 6) for 

all (a, b) G I, which is a contradiction. Thus ^(„+i)|^| must be a constant func- 
tion on (0, oo), which then implies that g{x) — cf{x) +p(x) for some constant 
c and some polynomial p S 7r„. ■ 

The proof of the following theorem is very similar to the proofs of ([2], lemma 
1.2) and ( 2 , Theorem 1.4 and its Corollary), and we omit them. 

Theorem 19 Suppose that f G C"+^(0,oo) and that Mf_rni,m2 a homoge- 
neous mean. Then /'■"^"'^^(x) = cx^ for some real numbers c and p. 

Theorem [T9l implies that the means Mp^rni,m2 are the only homogeneous 
means among the general class of means Mf „ii,m2- 

Theorem 20 Mp^m^ (a, b) is increasing in p for each fixed mi, 7712, a, fl77rf b. 
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Proof. Let f{x) — xP^,g{x) — x^^ , where pi < P2- Then (j){x) — ^(„+i)^\^j = 
2;Pi-P2 jg strictly monotonic on (0,oo). Let < a < 6 be fixed and let O = 
{{pi,P2) e 3?2 : pi < P2}- By Theorem [JTl Mp, 

.mi ,m2 

(a, 6) ^ Mp, 

,mi ,m2 

(a, 5) 

for all (pi,P2) G O. Since O is connected and Mp^mi,m2{o-ib) is a continuous 
function of p, either Mp^^rni,m2{a,b) < Mp^.mi.ms (a, 6) or Mp^^rm,Tn2ia,b) > 
-Wp2,mi,"i2 ('^j ^) fo'^ (?'i)?'2) S O by the intermediate value theorem. By 
Theorems ini and [71 we must have -Mpj^m^.m^ (a, fe) < Mp^^mj^m^ (a, 6) for all 
{pi,P2) € O since it is well known that H{a,b) < A{a,b). Since a < b was 
arbitrary and Mp-^^mi,m2 is symmetric, that proves Theorem [20l ■ 

The following theorem discusses the asymptotic behavior of Mp,mi,m2 as p 
approaches oo or —oo. 

Theorem 21 lim Mp m^ (^j = max{a,6} and lim Afp ^3 (a, 6) = 

p — ^00 ' ■ p — ^—00 ' ' 

min{a, b}. 

Proof. Since Mp^mj^m^ (a, 5) is symmetric, we may assume that a < b. We 
prove that lim Mp^mj^m^ (a, 5) = 6, the proof of the other case being similar. 

p — >oo ' ' 

By dl]), (fT5|) . and p8)) . Mp.„u^m2 (a? ^) is the unique solution, in (a, 5), of the 
equation (a; - a)"!-"^ {Ai + Bi + Ci) = (6 - x)""'-""^ {A2 +B2+ C2), where 
f[x) = a;P and Aj,Bj,Cj,i = 1,2 are given by Ull), and ([111). For 

a < a; < &, it follows easily that , „\, , / „ \, , / „ i, , / „ ? , and . „ each 

— — ' (mi)^'' (mi)^'' (mj'''' (mj'''' (itTi)'''' 

approach as p — *■ c». In the double summation for i?2, take fc = mi, which 
implies that / = and thus ^-^^ ^ (6 - a)-"'2"i(6 - x)-^b-''^^as p ^ 00. 

Thus (a; - a)"!-™^ (Ai + Bi + Ci) - (6 - a;)'"!-™^ (A2 + B2 + C2) ^ -(a; - 
5)mi-m2-i(^„a)-m2-i5-mi as p ^ OO, which casily implies that Mp,™^,™^ (a, 5) 
must be approaching b if mi — m2 > 1. We now consider the case nii = 1, 
1712 = separately. Then Mp „ji,m2 (q^; ^) is the unique solution, in (a, 6), 
of the equation (a; — a)f[x,a,a,b] + (a; — b)f[x,a,b,b] — 0,f{x) — x^. Us- 

f(x)-f{a)-{x-a)f'(a) f (b)- f (a)-(b~a) f ' (a) 

ing f[x,a,a,b] = ^^^^^^ ''■^^ and f[x,a,b,b] = 

f{x)-f(b)~{x^b)f'{b) f(a)-f(b)~(a-b)f'(b) 

_ {b-o.) ^ some simplification yields the equa- 
tion Lp(a;) = 0, where Lp{x) = 2 (x^ - a^) {b - a) ~ 2 (bP - oP) {x - a) - 
p (6f-i - aP-i) (a: - b){x - a). For a < a: < 6, ^^^^^ ^ \{x - b){x - a) 
as p ^ 00. Since Mp^mi,m2 is increasing in p by Theorem [20l Mp,„ii,m2 ^) 
must be approaching 6 as p ^ c» . ■ 



3 Special Cases 

We now investigate the special case when mi — 7712 = 2, where mi + m2 is even. 
In this case, the mean Mf^rni,m2 can be obtained by solving a linear equation. 
In particular, if f{x) = x^ where p is an integer, then Mp^mi,m2 is a rational 
mean. Since 
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has zeros of multiplicity m2 + I At x — a and at x = b. Thus P{x) — Q{x) = 
{x — a)™^~^^{x — b)"^^~^^R{x), where i? is a polynomial of degree rrii — m2 — 1. 
Using the formulas in [T] for Hermite interpolation, one can directly compute 
the polynomials P and Q which satisfy ((1]). 



/ , \ m2-l-J- "'1 "'1— J , ,,, / \ / -N 

^(-) = (f3^ E E ^mffff (25) 
(iff) E E ^m(f5f 



and 



, N rni+l "1-2 "12- j , , / \ fc , , 

E E ^m(f^ (26) 

^ ^ j=0 fc=0 ^ ^ 



(iff) E E ^m(f5f /^^H6) 



Since nii — TO2 = 2, i? is a linear polynomial, which implies that P{x) — Q{x) = 
{x — a)'"^+^(a; — b)"'^^^-^ {cx + d). We now determine c and d. First, d = 

P(0)-Q(0) _ Eq{0)~-Ep{0) _ a'"2 + ifa">l + ij[o^a"^2 + i^;,"'l+i] a"^l + ifc'^2 + ij[o^Q-T^l + i^f)'^2 + i] 
a'"2 + ifc'"2 + i ~ a"2 + ifc™2 + i ~ a'"2 + ifc'"2 + i 

d = fe2 j[0, a'"^+i, 5'"^+^] - a2/[0, a"^+^ 5'"^+i] (27) 

Again, using the formula discussed earlier due to Spitzbart (see 0, Theorem 
2), /[0,a™i+\5™^+i] = 

nil rai—k 

E E ^(-i)"^+'=(™;+0(«-^)"™'"'"'«"'"^"'+'+'/^'H«)+ 

1712 m2 — k 

E E i(-i)™^+'=(™;+')(fo-a)-"^-i-'6-"^-i+'=+7('H&)+ 

ic=o ;=o 

Q-mi-i^-m2-ij(-o)^ and 
/[0,a™2+i,6™i+i] = 

E E i(-i)"^+'=(™;+')(a-6)-™i-i-'a-™^-i+'=+'/('^H«)+ 



7711 TTli—k 

E E ^(--l)'"i+'=(™^+')(6-a)-"2~i-'6-"i-i+'=+7W(&)+ 
fe=o i=o ■ ^ 

Q-m2-i5-™i-ij(o), Letting mi = TO2 + 2 gives /[O, a"'^+\ b"^^+^] 

E E ^(-i)™^+'=(™;+|t')(a-;^)-"^-'-'«~"^-^+'=+7('^H«)+ 

m2+2 m2+2 — A; 

E E ^(-l)"2+7";f+')(6-a)-™2-i-'6-™2"3+fe+ij(fc)(^)^ 

/c=0 i=0 ■ '"^ 

^-m2-i5-m2-3j(o)^ and /[0,a™2+3,5™2+i] = 
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7712+2 7712+2 — 

E E i(-l)"^+'=('"^+')(a-5)-™^-i-'a-"^-3+fe+'/W(a) + 

m2 ra2 — k 
fc=0 i=0 

^-m2-3^-m2-ij(-o). Hence, by b^f[0,a"^^+\b"'^+^]- 
E "e' ^^^r™:^')&'(« - 6)-™.-3-;„-™.-i+.+;^(/c)(„) + 

m2+2m2+2 — fc , .-.m^ + k 
fc=0 (=0 

m2+2m2+2 — fc .smo+fc 

a-™^-i6-'"^-V(0)- J2 k< ) (a-6)-'"^-i-'a-"'^-i+''+7(^) (a) 

fc=o (=0 ■ ™^ 

fc=0 i=0 



Q-m2-l5-m2-lj(0) = 

E E 

fc=0 /=0 

m2+2m2+2-fc , + & 

E E 



>) = 

(";^+|+2)(a-&)-'"^-3-' (62a-™2-i+fc+(y(fc)(a) + (_i)m2+;a25-m2-i+fc+; (^)) 



fc=o (=0 ' 
Now we find c. It is not hard to show, using ([1]), that the coefficient, cp_mi,m2, of 

the highest power in P, which is ^ is given by ^ j!(a-&)"2+i(6-a)"'i 



^2 (^2+J^l^.);»)(,) 

i!(6-a)'"i + i(a-b)'"2~3 " 



_ (-1)"'2 
Cp,mi,m2 — (f,_a)mi+TO2 + i 



(28) 
lis x^i+^^^+i. 



m2 ^ (^2+J^l-.)(b_a)^-/0)(a) 

i=o ■'■ j=o 

Similarly, the coefficient, cg^mi .ma, of the highest power in Q, which i 

m2 (-2+-l-.)}u)(<,) ' mi ^™2+™l-.)/0)(b) 
IS given by j!(a-b)-i + ^(6^a)'"2-. + E j!(b,a)"'2 + l(a-b)'^i-:- Or 

_ (-ij-'i / ^1 (-i)^("'n„7'0(fa-°)^/"'w _ ^ ("'"t7"0(fe-°)^"/"'M 

CQ,mi,m2 — (f,_a)mi+m2 + i I jl 

\J=0 3=0 

(29) 

_ (-1)">2 + 1 / ^ ("'"t7'^)(b-°)^/"'(a) _ (-i)^C"2+J.l-J)(fc_„).^U)(j,) ^ 

Hence c - (^_^)„i+„,+i f. 2^ j< 

/ ^ ('"n„";''0(fa-°)v"'(°) _ ?^ (-i)^('"'^t.7"0(fc-'^)^/"H'') ^ , 

-a)™i+"'2 + i I 7! 7! ^ 



(b-a)™i 
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_ 1 ^ ('""t,:^^"0(fe-°)^"((-i)"'"+v'^'M-(-i)"'^+^7"'(b)) 

(b-a)"n+"'2 + i j! 

Using mi = mi + 2 gives 



where 



m2 m2 — k 
fc=0 i=0 

7712 + 2 7712+2 — A; 

E E ir(-l)'"^+'C™+')(^-«)""^"'~'x (31) 

/c=0 i=0 



and 



(--1)"'2 "^^2 (2„.2+2-,-)(^„^),((,^), + l^(,)(fc)^^0)(^)) ^ 



(-i)"'2 

We now examine three special cases. For mi — A and mi — 2, using (j3ip 
and 1221), we have 24 {b-afd = 840(/(6)- /(a)) + 120(3a-46)/'(6) + 120(4a- 
36)/'(a) + 

60 (fe - a) ((26 - a) / "(6) - (& - 2a) / "(a)) - 4 (& - a)' ((6 - 4a) / "'(a) + 

(46 ~ a) / "'(6)) + (6 - a)^ (a/""(a) + 6/""(6))) and 

-24 (6 - a)^ - -120(/ '(6) - / '(a)) + 60(6 - a) (/ "(6) + / "(a))- 

12 (6 - a)^ (/ "' (6) - / (a)) + (6 - a)^ (/""(6) + /""(a)) . Thus (a, 6) = 

840(/(b)-/(a)) + 120(3a-4b)/'(b) + 120(4a-36)/'(a)+60(b-a)((2b-a)/"(b)--(6~2a)/"(a))-4(6-a)'^((6-4a)/'"(a) + (4b-a)/'"(b)) 

-120(/'(b)-/'(a))+60(6-a)(/"(6)+/"(a))-12(b-a)^(/"'(6)-/"'(a)) + (6-a)^(/""(6)+/""(a)) 

For mi = 3 and mi = 1, again using pip and (j32p . we have 6 (6 — a) ^ d = 
-60(/(6)-/(a)) + 12(36-2a)/'(6)-12(3a-26)/'(a)+3 (6 - a) ((a - 36) /"(6)+ 

(6 - 3a) / "(a))+(6 - af (bf "'{b)-af '"(a)) and -6 (6 ~ af c ^ -12(/ '(6)- 
/'(a)) + 6(6- a)(/"(6) + / "(a)) - (6 - a)^ (/"'(6) - / '"(a)). Thus 

M/,3,i(a,6) = 

-60(/(6)-/(a)) + 12(3b-2a)/'(b)-12(3a-2f,)/'(a)+3(b-a)((a-3b)/"(b) + (b-3a)/"(a)) + (f)-a)"(b/ "'{b)-af '"(a)) 
12(/ '(b)-/ '(Q))-6(b-a)(/ "(b)+/ "(a)) + (b-a)^(/ "'(6)-/ '"(a)) 
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Formi = 2and™2 ^ we have d ^ (b^-ab)f''ib)Mab-a^)f''(a)M2a-ib)r^ 
and c = Thus 

2{b-a)-' 

M. (n h\ - ib~a){bf"{b)+af"(a))+2{a-2b)f'ib)+2{2a-b)f'{a)+6{f{b)-f{a)) 
lVlf^2,0(a,0) - (6_a)(/"(b)+/"(a))-2(/'(&)-/'(a)) 

If f{x) = xP, then some simphfication yields Mf 2fi{a, b) = 

1 fc'""(p(p-5)b''+p(3-p)ab+6fc")-aP-"(p(p-5)a"+p(3^p)ab+6a^) „ rn i n oT Thp 
p bP-^((p-l)(b-a)-2b)+aP-^((p-l)(b-a)+2a) , 9= -L' -^i •J/- J- 

omitted cases for p can be obtained as limiting values, or one can just let f{x) = 
xPlogxforpG {0,1,2,3}. That yields Miog^,2,o(a, = 3Qb '''~'^'-^°''('" ''-'"") - 



(b-a)3 

(b^a)^ ' A4loga;,2,o(a,fe) = 2a6 TT^' ^^a;2loga;,2,o(a,fe) 

b^— a^— 2abln( — 



b^-a^-2abln( - ) (a+b) ln(- ) -2(b-a) 



6^-a^-2abln( M 3 

I , and A^aio 2.o(a,^) = ^ 

(a+b)ln - -2(b-a) ' b^ -a^ -2ab\n( - 



Finally, we consider the case mi = 1 and TO2 = 0, so that mi + m2 is 
odd. As noted earlier, Mp m^.m^ (a, 6) is the unique solution, in (a, 5), of the 
equation 2 (x^ - aP) (6 - a) - 2 (6^ - aP) {x - a) - p {bP'^ ~ qP'^) (x - b){x - 
a) = 0. For p = 4, after dividing thru by 2 {x — a) {b — a) {b — x), we have 
2 (x — a) (6 — a) {b — x) (6^ — a;5 + ab — xa + — x^) = 0. This can be solved 
exactly to obtain M4^i.o(a,6) — ^V^b'^ + Gab + Sa^ — For p = 5, after 

dividing thru by {x — a) (b— a) (6 — x), we have 2x^ + 26x^ + 2ax'^ + 2b'^x + 
2xab + 2xa^ - Sa^ - 36^0 - iba^ - = 0. The root in (a, 6)is given by 

A^5,l,0(a, b) = \ 'ds{a,b)+Q.Jt^ - f , 2b^+ab+2a^ _ a±6 ^ ^j^^^^ ^(^^ ^) ^ 
' J s{a,b)+&\/ t{a,b) 

10 (a + 6) (I9a2 + 2a6+ 1962) and t{a,b) = IQllb^ + 22386^0 + 34956V + 
45006^03 + 34956^0* + 22380^6 + lOlTa^ 



4 Comparisons with Taylor polynomial means 

As noted earlier, the means defined in this paper are similar to a class of 
means defined in 2 , which were based on intersections of Taylor polynomi- 
als. For / e C"'+^(/),/ = (a, 6), let Pc denote the Taylor polynomial to 
/ of order r sd x — c, where r is an odd positive integer. In [5] it was 
proved that if f'^^'+'^^x) ^ on [a, 6], then there is a unique u,a < u < b, 
such that Pa{u) = Pb{u)- This defines a mean m(a,b) = u, which we de- 
note by Mj(a, 6). The arithmetic, geometric, and harmonic means arise for 
both classes of means. We now show that there are means defined in this 
paper which do not occur as intersections of Taylor polynomials. In particu- 
lar, consider the mean Mi^g^j. 2,{){a,b) — 3ab ^ ~° "(^1^^)"^"^"°'' discussed earlier. 
Then h{b) = A/iog.^2,o(l,6) = ibl^^^Ejjr^, lmi/i'(6) = i, lim/i"(6) = -|, 
lim/i"'(6) = |, and lim/i""(6) = — 1|. Since A/ioga;,2,o is a homogeneous mean. 
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if Miog£i;,2,o = for some /, then we may assume that f{x) = for some 
real number p by [[2], Theorem 1.4]. Let kib) = M^{l,b) = AfJ(l,6), where 

fix) = xP. From [0, Theorem 4.1], fc"(l) = k'"{l) = -%7+7^'\ and 

^""(1) = 8(7fw+4) (12^' + ^^P+ 13)^' - 4(P' - 12p - 73)r - 16(2p2 - p ~ 15). 
Setting 2lr+2) ^ ^1 ^^'^ "'4(^+^27^^ ~ |imphes that r = 5p + 3. Substituting 
into fc""(l) gives Setting ^ _48 i^p^,, ^i^^^ p = 

Then r = 5 {—jq) + 3 = — ^, which is not a positive integer. Thus Miogx,2.o 
cannot occur as one of the means MJ. 



5 Open Questions and Future Research 

In [3] it was shown that Um MZ{a,b) — H{a,b) — where Mf are the 

Taylor polynomial means defined above. There is strong evidence that a similar 
resuh holds for the means defined in this paper. That is, 

Conjecture 22 lim Mp^„n,m2{o-i b) = H{a, b), where n = mi + m2 + 1. 

More generally, analyze the asymptotic behavior of Mf^mi,m2 bs n 00. As 
in [3], it should follow that the arithmetic mean arises as lim Mt^rni,m2- It is 
then natural to ask: 

Question: Are the arithmetic and harmonic means the only means which 
arise as lim Mf,mi,m2 ? 

We showed in Theorem [7] that Af-i^mj^mj (a, b) ~ H{a, b) = for any mi 
and m2- Thus for f{x) — i. My „jj ,,,2 is independent of mi and m^- 

Conjecture 23 Show that the only function, f, for which M/^mi,m2 is inde- 
pendent of mi and m2 is f{x) = ^. 
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